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TRIVIALIZING GROUP ACTIONS ON BRAIDED CROSSED
TENSOR CATEGORIES AND GRADED BRAIDED TENSOR
CATEGORIES
CE´SAR GALINDO
Abstract. For an abelian group A, we study a close connection between braided
crossed A-categories with a trivialization of the A-action and A-graded braided
tensor categories. Additionally, we prove that the obstruction to the existence of
a trivialization of a categorical group action T on a monoidal category C is given
by an element O(T ) ∈ H2(G,Aut⊗(IdC)). In the case that O(T ) = 0, the set of
obstructions form a torsor over Hom(G,Aut⊗(IdC)), where Aut⊗(IdC) is the abelian
group of tensor natural automorphisms of the identity.
The cohomological interpretation of trivializations, together with the homotopi-
cal classification of (faithfully graded) braided A-crossed tensor categories devel-
oped in [ENO10], allows us to provide a method for the construction of faithfully
A-graded braided tensor categories. We work out two examples. First, we compute
the obstruction to the existence of trivializations for the braided crossed category
associated with a pointed semisimple tensor category. In the second example, we
compute explicit formulas for the braided Z/2-crossed structures over Tambara-
Yamagami fusion categories and, consequently, a conceptual interpretation of the
results in [Sie00] about the classification of braidings over Tambara-Yamagami cat-
egories.
Introduction
The notion of braided G-crossed tensor category introduced by Turaev in [Tur10]
has played an essential role in the recent application of fusion categories to enriched
symmetries in condensed matter physics and the construction of Homotopical TFTs,
[TV12, TV14, SW20, M0¨5, Kir02, Cui19, CGPW16]. Recently in [JPR20], higher cat-
egorical interpretations of braided G-crossed tensor categories have been developed,
allowing a better understanding of the reason for its presence in different theories.
In [ENO10], the authors studied braided G-crossed fusion categories using inverti-
ble module categories over braided fusion categories. They reduce the classification
problem of braided G-crossed fusion categories with trivial component a braided fu-
sion category B, to the classification (up to homotopy) of maps from BG to B Pic(B)
(the classifying spaces of the monoidal 2-category of invertible B-module categories).
This approach allows them to use the obstruction theory for homotopy classes of
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maps into the associated Postnikov towers and provide an elegant and useful group
cohomological parametrization of (faithfully graded) braided G-crossed fusion cate-
gories.
The aim of this note is to discuss, for any abelian group A, a close connection be-
tween braided crossed A-categories with a trivialization of the A-action and A-graded
braided tensor categories. The existence of trivializations of categorical actions of
groups and its classification has a straightforward cohomological interpretation (see
Theorem 2.4). The obstruction of the existence of a trivialization of a G-action T
on a tensor category C is given by an element in O(T ) ∈ H2(G,Aut⊗(IdC)) and in
case O(T ) = 0, the set of obstructions form a torsor over Hom(G,Aut⊗(IdC)), where
here Aut⊗(IdC) means the abelian group tensor natural automorphisms of the iden-
tity. The cohomological interpretation of trivialization, together with the homotopical
classification of (faithfully graded) braided A-crossed tensor categories developed in
[ENO10], allows us to provide a method for the construction of faithfully A-graded
braided tensor categories. We consider two examples in the paper. The first one is
the computation of the obstruction to the existence of trivializations for the braided
crossed category associated with a pointed semisimple tensor category. As a second
example, we compute explicit formulas for the braided Z/2-crossed structures over
Tambara-Yamagami fusion categories and, consequently, a conceptual interpretation
of the results [Sie00] about the classification of braiding over Tambara-Yamagami
categories.
Recently, Davydov and Nikshych in [DN20] proved that braided finite tensor cat-
egories (faithfully) graded by a finite group A are in correspondence to braided
monoidal 2-functors from A to certain braided monoidal 2-category. In the spirit
of [ENO10], in loc cit, the obstruction and parametrization of these braided monoid
2-functors were developed using the Eilenberg-Mac Lane cohomology. We hope our
approach for constructing group-graded braided tensor categories can be considered
as a complement to the methods developed in [DN20].
The paper’s organization is as follows: In Section 1, we recall some basic definitions
of groups’ actions on monoidal categories. In Section 2, we discuss the obstruction
and parametrization of the trivialization of group actions on tensor categories. In
Section 3, we introduce the 2-category of braided A-crossed tensor categories with
a trivialization and proved its equivalence with the 2-category of A-graded braided
tensor categories. We worked out the example of semisimple pointed tensor categories.
In section 4, we explicitly described formulas for the braided Z/2-crossed structures
on Tambara-Yamagami categories, and the case of Ising categories is presented in
detail.
1. Preliminaries
1.1. Notation. Let C be a category. We denote by Obj (C) the class of objects of
C and by HomC(X, Y ) the set of morphisms in C from an object X to an object Y .
Also, by abuse of notation, X ∈ C means that X is an object of C.
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The symbols C and D will denote monoidal categories with unit objects 1C and
1D respectively. If no confusion arises, we will indicate the unit object of a monoidal
category just by 1. To simplify computations and statements, by monoidal category,
we will mean a strict monoidal category, and this is justified by the coherence theorem
of S. MacLane.
1.2. Group actions on monoidal categories. Let G be a group. We will denote
by G the discrete monoidal category with Obj (G) = G and monoidal structure
defined by the multiplication of G. If C is a monoidal category, we will denote
by Aut⊗(C) the monoidal category of monoidal autoequivalences of C and natural
monoidal isomorphism with tensor product given by the composition of monoidal
functors.
An action of G on C is a monoidal functor T : G → Aut⊗(C). A G-action on C
defines the following data:
• monoidal functors T (g) : C → C for each g ∈ G,
• monoidal natural isomorphisms T2(g, h) : T (gh) → T (g) ◦ T (h) for each pair
g, h ∈ G,
such that
T (g) ◦ T (h) ◦ T (k)
b(g,h)◦IdT (k)
uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦ IdT (g) ◦b(h,k)
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
T (gh) ◦ T (k)
b(gh,k) ))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
T (g) ◦ T (hk)
b(g,hk)uu❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
T ′(ghk)
for all g, h, k ∈ G. A G-action is called strict if T (g) are strict monoidal and T2(g, h)
are identities for all g, h ∈ G.
By [Gal17, Theorem 1.1] every monoidal category with a G-action is canonically
G-equivariant equivalent to a monoidal category with a strict G-action. Using [Gal17,
Theorem 1.1], we could assume without loss of generality that every G-action is strict.
2. Trivializations of G-actions
In this section, we define the notion of a trivialization of action of a group on a
monoidal category and define an obstruction to the existence of trivializations.
Definition 2.1. Let T : G→ Aut⊗(C) be an action of group G on a monoidal cate-
gory C. A trivialization η of T consist of a family of monoidal natural isomorphisms
ηg : T (g)→ IdC, for all g ∈ G, such that
ηg ◦ ηh = ηgh ◦ T2(g, h), ∀g, h ∈ G.(2.1)
Remark 2.2. A trivialization of an action T : G → Aut⊗(C) is a just a monoidal
functor from T to the trivial action.
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Lemma 2.3. Let F : C → D be a monoidal functor and H : C → D a functor and
natural isomorphism γ : F → H. Hence there is a unique monoidal structure on H
such that that γ is a monoidal isomorphism. Moreover, the monoidal structure on
H2(X, Y ) : H(X⊗Y )→ H(X)⊗H(Y ) is given by the commutativy of the diagram
(2.2) H(X)⊗H(Y ) H2(X,Y ) // H(X⊗Y )
F (X)⊗F (Y )
γX⊗γY
OO
F2(X,Y ) // F (X⊗Y )
γX⊗Y
OO
Proof. It is a straightforward exercise on the transport of structures in category the-
ory. 
Theorem 2.4. Let T be an action of a group G on a tensor category C such that
σ∗ ∼⊗ IdC for all σ ∈ G. Let χ(σ) : σ∗ → IdC be monoidal natural isomorphisms for
each g ∈ G.
Define for every pair g, h ∈ G, a monoidal natural automorphism of the identity
b(g, h) by the commutativity of the diagram
(2.3) IdC
b(g,h)
// IdC
T (g) ◦ T (h)
χg◦χh
OO
φ(g,h)
// T (gh)
χgh
OO
where ◦ is the composition in Aut⊗(C).
Hence,
(1) the map b : G× G→ Aut⊗(IdC) defines a 2-cocycle in Z2(G,Aut⊗(IdC)) and
its cohomology class does not depend on the choice of the natural isomorphisms
χ(σ), σ ∈ G,
(2) the G-action T is trivializable if and only
0 = [b] ∈ H2(G,Aut⊗(IdC)),
(3) in case that 0 = [b] the set of all trivializations is a non-empty torsor over
Hom(G,Aut⊗(IdC)).
Proof. (1) It follows from Lemma 2.3 that the G-action T is equivalent to the G-action
where T ′(g) = IdC as monoidal functor and b(g, h) : T ′(g) ◦ T ′(h) = IdC → T ′(gh) =
IdC. Hence, the monoidal condition of T ′ translate directly to commutativity of the
diagram
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IdC = T ′(g) ◦ T ′(h) ◦ T ′(k)
b(g,h)◦IdC
tt❤❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤ IdC ◦b(h,k)
**❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
IdC = T ′(gh) ◦ T ′(k)
b(gh,k) **❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
IdC = T ′(g) ◦ T ′(hk)
b(g,hk)tt❤❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
T ′(ghk) = IdC
that in equations translate to the 2-cocycle condition
b(gh, k)b(g, h) = b(g, hk)b(h, k) for all g, h, k ∈ G.
Now, if χ′g : T (g) → IdC is another family of monoidal natural isomorphisms, then
ug := χ
′
g ◦ χ−1g ∈ Aut⊗(C) and then using the naturality of ug we have that
b′(g, h) = ugh ◦ u−1g ◦ u−1h ◦ b(g, h) ∀g, h ∈ G,(2.4)
hence the cohomology of b does not depend on χ.
(2) By definition, if η is a trivialization of T the associated 2-cocycle is trivial.
Conversely, if a family of monoidal isomorphisms {χg : T (g)→ IdC}g∈G defines a b ∈
Z2(G,Aut⊗(IdC)) such that there is u : G → Aut⊗(IdC) such that b(g, h) = u−1gh uguh
for all g, h ∈ G then the family {ηg := ugχg|g ∈ G} defines a trivialization of G.
(3) If {ηg : g ∈ G} and {η′g : g ∈ G} are trivialization then ηg = η′ug for a map u :
G→ Aut⊗(IdC). Hence by equation (2.4) we have that u is a group homomorphism.

3. Graded braided monoidal categories as crossed braided fusion
categories with a trivialization
A G-graded monoidal category is a monoidal category C endowed with a decom-
position C =∐g∈G Cg (coproduct of categories) such that
• 1 ∈ Ce,
• Cg ⊗ Ch ⊂ Cgh for all g, h ∈ G.
If k is a commutative ring and C is a k-linear abelian category, the coproduct C =∐
g∈G Cg is taken in the category of k-linear abelian categories.
3.0.1. Braided G-crossed monoidal categories. Let T : G→ Aut⊗(C) be an action of
a group G on C. Given X, Y ∈ Ob(C) and f : X → Y , we will denote by g∗(X) and
g∗(f) the image of X and f under the functor T (g).
Definition 3.1. Let G be a group. A G-crossed monoidal category is a monoidal
category C equipped with the following structures:
(i) an action of G on C,
(ii) a G-grading C =∐g∈G Cg,
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(iii) isomorphisms
cX,Y : X ⊗ Y → g(Y )⊗X, g ∈ G,X ∈ Cg, Y ∈ C,
natural in X and Y . The isomorphisms cX,Y are called the G-braiding.
This structures should satisfy the following conditions:
(a) g∗(Ch) ⊆ Cghg−1, for all g, h ∈ G,
(b) The diagrams
g∗(X⊗Z) g∗(h∗(Z)⊗X)
g∗(X)⊗g∗(Z) (ghg−1)∗g∗(Z)⊗g∗(X)
can
g∗(cX,Z)
can
cg∗(X),g∗(Z)
commute for all X ∈ Ch, Z ∈ C, g, h ∈ G.
(c) The diagrams
(3.1)
X⊗Y⊗Z g∗(Y⊗Z)⊗X
g∗(Y )⊗X⊗Z g∗(Y )⊗g∗(Z)⊗X
cX,Y⊗Z
cX,Y⊗ idZ can
idg∗(Y )⊗cX,Z
commute for all X ∈ Cg, Y, Z ∈ C and the diagrams
(3.2)
X⊗Y⊗Z (gh)∗(Z)⊗X⊗Y
X⊗h∗(Z)⊗Y g∗h∗(Z)⊗X⊗Y
cX⊗Y,Z
idX ⊗cY,Z can
cX,h∗(Z)⊗ idY
commute for all X ∈ Cg, Y ∈ Ch, Z ∈ C, g, h ∈ G.
The isomorphisms can are the natural isomorphisms constructed using the natural
isomorphisms of the action of G on C.
A braided G-crossed monoidal category is strict if the G-action is strict. By [Gal17,
Theorem 5.6], every G-crossed category is equivalent to a strict braided G-crossed
monoidal category. Hence, in some proofs we will consider strict G-crossed braided
categories without loss of generality.
3.1. A-crossed braided tensor categories with trivialization. Let A be an
abelian group. We define the 2-category of A-crossed braided tensor categories with
a trivializations as follows:
(1) objects are pairs (C, η), where C is a braided A-crossed monoidal category and
η is a trivializations of the A-action.
(2) A 1-morphism from (C, η) to (C′, η′) is a A-graded monoidal functor (F, F2) :
C → C′ such that the diagram
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(3.3) F (Xg⊗Y )
F2(Xg,Y )

F (cXg,Y ) // F (g∗(Y )⊗Xg)
F2(g∗(Y ),Xg)

F (Xg)⊗F (Y )
cF (Xg),F (Y )

F (g∗(Y ))⊗F (Xg))
F (η(g)Y )⊗ idF (Xg)

g∗(F (Y ))⊗F (Xg)
η′(g)F (Y )⊗ idF (Xg) // F (Y )⊗ F (Xg)
commutes for all Xg ∈ Cg, Y ∈ C and g ∈ G.
(3) A 2-arrow is just a monoidal natural isomorphism.
Theorem 3.2. If (C, c, η) is a A-crossed braided monoidal category with a trivializa-
tion, the natural isomorphisms c
(η)
Xg ,Y
: Xg ⊗ Y → Y ⊗Xg given by
(3.4)
Xg ⊗ Y Y ⊗Xg
g∗(Y )⊗Xg
c
(η)
Xg,Y
cXg,Y η(g)Y ⊗idXg
define a braiding on C.
This assignment defines a biequivalence between the 2-category of A-crossed braided
fusion categories with a trivialization and the 2-category of A-graded braided tensor
categories.
Proof. The proof is a straightforward computation and even can be deduced directly
from [TV14, Appendix 5, Proposition 2.3]. 
Example 3.3. Let G be a group (non necessarily finite) and k a field or a commu-
tative ring. A (normalized) 3-cocycle ω ∈ Z3(G, k×) is a map ω : G × G × G → k×
such that
ω(ab, c, d)ω(a, b, cd) = ω(a, b, c)ω(a, bc, d)ω(b, c, d), ω(a, 1, b) = 1,
for all a, b, c, d ∈ G.
Let us recall the description of the tensor category VecωG. The objects of Vec
ω
G are
G-graded k-modules V =
⊕
g∈G Vg. Morphisms are k-linear G-homogeneous maps.
The tensor product of V = ⊕g∈GVg and W = ⊕g∈GWg is V ⊗k W as k-module, with
G-grading
(V ⊗W )g =
⊕
h∈G
Vh ⊗k Wh−1g.
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For objects V,W,Z ∈ VecωG the associativity constraint is defined by
aV,W,Z : (V ⊗W )⊗ Z → V ⊗ (W ⊗ Z)
(vg ⊗ wh)⊗ zk 7→ ω(g, h, k)vg⊗(wh ⊗ zk)
for all g, h, k ∈ G, vg ∈ Vg, wh ∈ Wh, zk ∈ Zk. The unit objects is ke, the k-module k
graded only by the identity element e ∈ G.
Let A be an abelian group and ω ∈ Z3(A, k×) and define the maps
µ(σ, τ |ρ) := ω(τ, σ, ρ)
ω(τ, ρ, σ)ω(σ, τ, ρ)
γ(σ|τ, ρ) := ω(σ, τ, ρ)ω(ρ, σ, τ)
ω(σ, ρ, τ)
,
for all σ, τ , ρ ∈ A.
The tensor category VecωA has a canonical braided A-crossed structure with A-action
defined as follows: for each g ∈ A, the associated tensor functor is
g∗ := Id, ψ(g)a,b = γ(g|a, b) idkab
and for each pair g, h ∈ A, the tensor natural isomorphism is
T2(g, h)ka = µ(g, h; a) idka , a ∈ A.
The functor (g∗, ψ(g)) is equivalent to the identity if and only if the cohomology
class of γ(g|−,−) ∈ Z2(A, k×) is trivial.
For η ∈ C2(A, k×) define
δv(η)(a1|a2, a3) = η(a1, a2)η(a1, a3)/η(a1, a2a3)
and
δh(η)(a1, a2|a3) = η(a1, a3)η(a2, a3)/η(a1a2|a3).
Assume that 0 = [γ(a|−,−)] ∈ H2(A, k×) for all a ∈ A. Thus, there exists
η : A × A → k× such that δv(η) = γ. The obstruction of Theorem 2.4 is given
by
b(η) = δh(η)µ ∈ Z2(A,Hom(A, k×)),
since in this case Aut⊗(IdVecωA) = Hom(A, k
×). As a conclusion, we obtain that a
3-cocycle ω ∈ Z3(A, k×) admits a braiding if and only if the cohomology class of b(η)
vanishes, see [GJ16] for more details in this direction.
4. Z/2-bradings and braidings over Tambara-Yamagami categories
Before compute the Z/2-bradings and braidings over Tambara-Yamagami we will
recall the concept of relative brading.
TRIVIALIZING GROUP ACTIONS 9
4.1. Strongly graded central extensions. For future computations, will recall the
following notion.
Definition 4.1. Let C be a monoidal category and B ⊂ C be a monoidal subcategory.
A relative braiding consists of a natural family of isomorphisms
{cA,X : A⊗X → X⊗A}A∈B,X∈C
such that the diagrams
(4.1)
A⊗(X⊗Y ) (X⊗Y )⊗A
(A⊗X)⊗Y X⊗(Y⊗A)
(X⊗A)⊗Y X⊗(A⊗Y )
cA,X⊗Y
aX,Y,AaA,X,Y
cA,X⊗ idY
aX,A,Y
idX ⊗cA,Y
and
(4.2)
(A⊗B)⊗X X⊗(A⊗B)
A⊗(B⊗X) (X⊗A)⊗B
A⊗(X⊗B) (A⊗X)⊗B
cA⊗B,X
a−1X,A,Ba
−1
A,B,X
idA⊗cB,X
a−1A,X,B
cA,X⊗ idY
commute for all A,B ∈ B, X, Y ∈ C.
Remark 4.2. (a) A relative braiding is a central inclusion B → Z(C) such that
the composition with the forgetful functor Z(C) is the identity of B.
(b) If C is a faithful braided G-crossed category then the G-braiding
cAe,Xg : Ae ⊗Xg → Xg ⊗Ag, Ae ∈ Ce, Xg ∈ C,
defines a relative braiding.
Let B = Ce ⊂ C =
∐
g∈G Cg a central G-extension. For each g ∈ G we have monoidal
functors
αg : B → EndB(Cg), αGX(Mg) = X⊗Mg(4.3)
βg : B → EndB(Cg), βgX(Mg) =Mg⊗X(4.4)
with natural isomorphisms
aY,X,Mg ◦ c−1Y,X⊗ idMg ◦a−1X,Y,Mg : αgX(Y⊗Mg)→ Y⊗αgX(Mg)
aY,Mg,X : β
g
X(Y⊗Mg)→ Y⊗βgX(Mg)
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for all X, Y ∈ B,Mg ∈ Cg.
Definition 4.3. A G-graded extension B ⊂ C will be called a strongly graded central
G-extension if αg and βg are equivalence of categories for each g ∈ G.
If B ⊂ C is a strongly graded central extension, then for every g ∈ G there is a
unique (up to equivalence) braided autoequivalence T (g) : B → C determined by the
existence of a tensor equivalence
(4.5) αg ◦ T (g) ∼= βg.
Hence the monoidal functor T (g) is naturally equivalent to the identity, if and only
if αg ∼= βg for all g ∈ G.
4.2. Tambara-Yamagami fusion categories. In this section, we collect some def-
initions and well-known facts about Tambara-Yamagami categories that we will need.
In [TY98] D. Tambara and S. Yamagami classified all Z/2Z-graded fusion categories
in which all but one of the simple objects are invertible.
Definition 4.4. Let A be a finite abelian group. The Tambara-Yamagami fusion
rules are defined over A ∪ {m} with product
a⊗b = ab, a⊗m = m, m⊗a = m, m⊗m =
⊕
a∈A
a,
for all a, b ∈ A, and unit element e ∈ A.
Let A be a finite abelian group, χ : A × A → k× a symmetric non-degenerate
bicharacter and τ ∈ k× a square root of |A|−1. The Tambara-Yamagami category
T Y(A, χ, τ) is the skeletal fusion category with Tambara-Yamagami fusion rules,
strict unit object and non-identities associativity constraints
αa,m,b = χ(a, b) idm : m→ m(4.6)
αm,a,m =
⊕
b∈A
χ(a, b) idb :
⊕
b∈A
b→
⊕
b∈A
b,(4.7)
αm,m,m =
(
τχ(a, b)−1 idm
)
a,b
:
⊕
a∈A
m→
⊕
b∈A
m(4.8)
Remark 4.5. The category T Y(A, χ, τ) is rigid with
a∗ = a−1, coeva = eva = ide, a ∈ A,
and m∗ = m, coevm : e→ m⊗m the canonical injection and evm = τ−1p : m⊗m→ e,
where p is the projection on e.
Let Aut(A, χ) be the group of automorphism of A that respect χ. Hence any
f ∈ Aut⊗(A, χ) defines a strict tensor auto-equivalence of T Y(A, χ, τ) by
Ff (a) = f(a), Ff(m) = m, a ∈ A.(4.9)
Moreover, it was proved in [Tam00, Proposition 1] and [Nik08, Proposition 2.10] that
every tensor autoequivalence has the form Ff for a unique f ∈ Aut(A, χ).
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4.3. Relative braidings for a Tambara-Yamagami fusion category. Recall
that if A is an abelian group then a quadratic form on A with values in k× is a function
q : A → k× such that the symmetric function w(a, b) = q(ab)
q(a)q(b)
is a bicharacter and
q(a−1) = q(a) for all a ∈ A.
Proposition 4.6. The relative braidings on VecA ⊂ T Y(A, χ, τ) are in correspon-
dence with quadratic forms q : A→ k× such that
χ(a, b) =
q(a)q(b)
q(ab)
, ∀a, b ∈ A.(4.10)
Moreover,
(a) The relative braiding associated to a quadratic form q : A → k× satisfying
(4.10) is given by
ca,b = χ(a, b) idab, ca,m = q(a) idm, a, b ∈ A.(4.11)
(b) The braided autoequivalence defined by (4.5) is the strict tensor automorphism
T1(a) = a
−1, a ∈ A.(4.12)
(c) Two relative braiding corresponding to quadratic forms q and q′ are equivalent
if and only if and only if there is a f ∈ Aut(A) such that q′(f(a)) = q(a) for
all a ∈ A.
Proof. (a) For objects X, Y, Z ∈ T Y(A, χ, τ) we will denote by H1(X, Y, Z) and
H2(X, Y, Z) the hexagons (4.1) and (4.2) respectively.
Braiding on VecA are in corresponds with bicharacter c : A × A → k× via ca,b =
c(a, b) idab for all a, b ∈ A. Let us denote by q : A → k× the function defined by
ca,m = q(a) idm.
The commutativity of the hexagon H1(a,m, b) is equal to
q(a)χ(a, b) = c(a, b)q(a),
that is χ(a, b) = c(a, b). The commutativity of the hexagon H2(a, b,m) is the equation
(4.13) q(ab) = q(a)χ(a, b)−1q(b).
The commutativity of the hexagon H1(a,m,m) is exactly the equation χ(a, a
−1b) =
q(a)χ(a, b)q(a), or equivalently χ(a, a)−1 = q(a)2. In presence of equation (4.13), the
equation χ(a, a)−1 = q(a)2 is equivalent to q(a) = q(a−1).
Finally, the commutativity of diagram H1(a, b,m) is χ(b, a)q(a) = q(a)χ(a, b) that
follows from the symmetry of χ.
(b) We will follow the notation and results from Section 4.1. The simple objects
of EndVecA(Vecm,Vecm) are in bijective correspondence with elements in Â the group
of characters of A. In fact, giving α ∈ A, the tensor functor F = IdVecm with the
natural isomorphism
F2(a,m) = α(a) ida⊗m, a ∈ A,
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define a simple object in EndVecA(Vecm,Vecm). Under this correspondence we have
that
αa = χ(a,−)−1 = χ(a−1,−), βa = χ(−, a), ∀a ∈ A.
Hence, if T 1(a) = a−1 for all a ∈ A we have that α1 ◦ T 1 = β1.
(c) Let q and q′ quadratic forms defining relative braiding for T Y(A, χ, τ) and
f ∈ Aut(A, χ) such that Ff : T Y(A, χ, τ) → T Y(A, χ, τ) defined by (4.9) is an
equivalence of central extensions, that is
Ff (a⊗m) Ff (m⊗a)
f(a)⊗m m⊗f(a)
Ff (ca,m)
cf(a),m
Hence, q(a) = q′(f(a)) for all a ∈ A. Conversely, if there is f ∈ Aut(A) such that
q = q′◦f , then χ = χ◦f×f and the tensor auto-equivalence Ff defines an equivalence
of central extensions. 
The following corollary explains the conditions founded in [Sie00] for the existence
of braidings in a Tambara-Yamagami fusion category.
Corollary 4.7. If T Y(A, χ, τ) admits a braiding then A is an elementary abelian
2-group, that is, a2 = e for all a ∈ A.
Proof. If T Y(A, χ, τ) admits a braiding, then by Proposition 4.6 admits a relative
braiding with associated T 1 = IdVecA, that is such that a = a
−1 for all a ∈ A. Hence
A is an elementary abelian 2-group. 
4.4. Z/2-braidings for Tambarara-Yamagami fusion categories.
Lemma 4.8. Let T Y(A, χ, τ) be a Tambara-Yamagami fusion category. Then,
(1) There is a unique non-trivial tensor natural isomorphism of IdT Y(A,χ,τ), namely
γa = ida for all a ∈ A and γm = − idm.
(2) Up to equivalence there are exactly two Z/2Z-actions with T1(a) = a
−1. The
first action is the strict action and the second one has monoidal natural iso-
morphism
γ : T1 ◦ T1 = Id→ Id, γm = − idm, γa = ida
for all a ∈ A.
Proof. The first item follows immediately from [GN08, Proposition 3.9] and the second
one follows from [Gal11, Theorem 5.5 (iii)]. 
Theorem 4.9. The Z/2Z-braidings of T Y(A, χ, τ) are in correspondence with pairs
(q, α), where q : A→ k× is a quadratic form such that
χ(a, b) =
q(a)q(b)
q(ab)
, ∀a, b ∈ A.
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and α ∈ k× such that α2 = τ
(∑
a∈A q(a)
)
.
Moreover, given such a pair (q, α), the braided Z/2-crossed structure is given as
follows:
• The Z/2-action on T Y(A, χ, τ) is strict and determined by
T (a) = a−1, T (m) = m, a ∈ A.
• The Z/2-braiding is given by
ca,b = χ(a, b) idab, ca,m = cm,a = q(a) idm, cm,m = α
⊕
a∈A
q(a)−1 ida(4.14)
for all a ∈ A.
Proof. Let C = T Y(A, χ, τ) with C0 = VecA and C1 = Vecm and q : A → k× a
quadratic form defining a relative braiding.
It follows from Lemma 4.8 that there are only two possible Z/2Z-actions with
T1(a) = a
−1 for all a ∈ A. The only difference with the two actions is given by the
automorphism γ : T1 ◦ T1 → Id, in the strict Z/2Z-action we have that γ = id and in
the second one γm = − idm.
The diagrams (3.1) and (3.2) for strict g∗’s are written as
(4.15)
X⊗(Y⊗Z) (g(Y )⊗g(Z))⊗X
(X⊗Y )⊗Z Y⊗(Z⊗X)
(g(Y )⊗X)⊗Z g(Y )⊗(X⊗Z)
cX,Y⊗Z
aY,Z,XaX,Y,Z
cX,Y⊗ idZ
aY,X,Z
⊗ id⊗ Y cX,Z
where X ∈ Cg
(4.16)
(X⊗Y )⊗Z gh(Z)⊗(X⊗Y ) g(h(Z))⊗(X⊗Y )
X⊗(Y⊗Z) (Z⊗X)⊗Y
X⊗(Z⊗Y ) (X⊗Z)⊗Y
cX⊗Y,Z γ
g,h
Z ⊗1
a−1
a−1
idX ⊗cY,Z
a−1
cX,Z⊗1
where X ∈ Cg, Y ∈ Ch. We will denote as HH1(X, Y, Z) and HH2(X, Y, Z) the
diagrams (4.15) and (4.16) respectively.
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Let us denote by w, s : A→ k× the functions defined by
cm,a = w(a) idm : m⊗a→ −a⊗m,
cm,m = ⊕∈As(a) ida : m⊗m =
⊕
a∈A
a→ m⊗m =
⊕
a∈A
a.
The commutativity of diagram HH1(m, a,m) is the equation
(4.17) χ(a, b)s(b) = w(a)s(ab), ∀b ∈ A,
and commutativity of diagram HH2(m, a,m) is χ(a, b)
−1s(b) = q(a)s(ba−1) for all
b ∈ B. Using that q(a) = q(a−1) we have that HH2(m, a,m) commutes if and only if
χ(a, b)s(b) = q(a)s(ab), ∀b ∈ A.
Hence the commutativity of diagrams HH1(m, a,m) and HH2(m, a,m) for all a ∈ A
is equivalent to w(a) = q(a) for all a ∈ A. Moreover, we have from (4.17) that
(4.18) s(a) = s(e)q(a)−1, ∀a ∈ A.
Hence, cm,m = s(e)
⊕
a∈A q(a)
−1 ida.
The commutativity of diagram HH1(m,m,m) is equal to
s(a)s(c)χ(a, c)−1 = τ
∑
b∈A
q(b)χ(b, a−1c), ∀a, c ∈ A.
Equivalently, using that s(a) = s(a−1) the commutativity of HH1(m,m,m) is equal
to the equation
s(a)s(c)χ(a, c) = τ
∑
b∈A
q(b)χ(b, ac), ∀a, c ∈ A.
Taking a = c = e we have that
s(e)2 = τ
(∑
b∈A
q(b)
)
.
The commutativity of the diagram HH2(m,m,m) for the strict Z/2Z-action is equal
to
s(a)s(c)χ(a, c) = τ
∑
b∈A
q(b)χ(b, ac), ∀a, c ∈ A.
and for the non-strict action is equal to
s(a)s(c)χ(a, c) = −τ
∑
b∈A
q(b)χ(b, ac), ∀a, c ∈ A.
Hence, only the strict action admits a Z/2Z-braiding. 
The following result is a reinterpretation of the main result of [Sie00].
Corollary 4.10. [Sie00, Theorem 1.2]
(a) A Tambara-Yamagami fusion category T Y(A, χ, τ) admits a braiding if and
only if A is an elementary abelian 2-group.
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(b) If A is an elementary abelian 2-group, there is a correspondence between braid-
ing and pairs (q, α) where q is a quadratic form such that
χ(a, b) =
q(a)q(b)
q(ab)
, ∀a, b ∈ A.
and α ∈ k× such that α2 = τ(∑a∈A q(a)). The braiding associated to a pair
(q, α) is given by the formulas in (4.14).
(c) Two braidings associated to (q, α) and (q′, α′) are equivalent if and only if
there is f ∈ Aut(A) such that q′(f(a)) = q(a) for all a ∈ A and α = α′.
Proof. If follows from Corollary (4.7) that A must be elementary abelian if a braidings
for T Y(A, χ, τ) exist. In this case, the Z/2-action is trivial. Hence a Z/2-braiding is
exactly a braiding. Now, the first two items of the corollary follow from Theorem 4.9.
Let (q, α) and (q′, α′) pairs defining two braidings for T Y(A, χ, τ) and f ∈ Aut(A, χ)
such that Ff : T Y(A, χ, τ)→ T Y(A, χ, τ) defined by (4.9) is an equivalence of braided
categories. Then we should have Ff (ca,m) = cf(a),m for all a ∈ A and Ff (cm,m) = cm,m,
that is, q(a) = q′(f(a)) for all a ∈ A and α = α′ respectively. 
Remark 4.11. In [GNN09, Section 4B], the authors studied braided Z/2-crossed struc-
tures over ZZ/2(T Y(A, χ, τ)) (the equivariant Drinfeld center). Using an equivariant
central inclusion of T Y(A, χ, τ) in ZZ/2(T Y(A, χ, τ)), it should be possible to describe
braided Z/2-crossed structures of Tambara-Yqmagami categories. However, following
this approach, our formulas do not agree with the formulas in [GNN09], particularly
the Z/2-action consider in [GNN09] does not agree with the action of Theorem 4.9.
4.5. Ribbon Z/2-crossed structures. Since ribbons of braided G-crossed fusion
categories play an essential part in the construction of homotopical TFT’s, we finish
the paper with the computation of ribbon for the Z/2-braiding constructed in the
previous section.
Let A be an abelian group and B = ∐a∈A Ba a strict braided A-crossed monoidal
category. A twist is a natural isomorphism
θX : X → a∗(X), X ∈ Ba,
such that
(Tw1) θ1 = id1,
(Tw2) b∗θX = θb∗X
(Tw3)
Xa⊗Yb
cXa,Yb

θXa⊗Yb // (ab)∗Xa⊗(ab)∗Yb
a∗(Yb)⊗Xa
ca∗(Yb),Xa // b∗(Xa)⊗a∗(Yb)
b∗θXa⊗a∗θYb
OO
for all Xa ∈ Ba, Yb ∈ Bb, a, b ∈ A.
A twist that satisfies the condition
θX∗a = (a
−1)∗(θ
∗
Xa)
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for all Xa ∈ Ba, a ∈ A is called a ribbon.
Proposition 4.12. Let T Y(A, χ, τ) be a Tambara-Yamagami with a Z/2-braiding
defined by a pair (q, α). Then T Y(A, χ, τ) admits exactly two Z/2-ribbon structures
given by
θa = q(a)
−2, θm = β, a ∈ A,(4.19)
where β−2 = τ
(∑
a∈A q(a)
)
.
Proof. The condition (Tw3) for X = a ∈ A, Y = m is equivalent to θ−a = q(a)−2.
Again, condition (Tw3) for X = m ∈ A, Y = m is equivalent to θ2mα2 = 1, hence
θ−2m = τ
(∑
a∈A q(a)
)
. 
Example 4.13 (Modular structures on Ising fusion rules). As a concrete example,
we provide a classification of modular Ising categories, giving an alternative proof of
some of the results in [DGNO10, Appendix B].
The Ising fusion rules corresponds to Tambara-Yamagami fusion rules with A =
Z/2 = {1, ψ}, that is, the simple objects are {1, ψ,m} with fusion rules
m2 = 1+ ψ, ψm = mψψ = m, ψ2 = 1.
The group Z/2 has only one non-degenerate symmetric bicharacter determined by
χ(ψ, ψ) = −1. Then, there are up to equivalence two fusion categories with Ising
fusion rules, namely
T Y(Z/2, χ,± 1√
2
).
There are two quadratic forms given by
q±i(ψ) = ±i
with associated symmetric bicharacter χ, then each T Y(Z/2, χ,± 1√
2
) admits four
different braiding corresponding to the pairs (qi,±e 2pii8 ) and (q−i,±e 3pii8 ). Finally,
each braided fusion category admits two ribbon structures.
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